We study the existence of unramified 3-extensions over cyclic cubic fields.
Introduction
Let F be a number field and a finite group. We are interested in the problem whether there exists an unramified Galois extension M/F with Galois group isomorphic to . In case when is an abelian group, by class field theory, this problem is closely related to the structure of the ideal class group of F. Thus this problem is interesting in the sight of a generalization of class field theory.
In this article we consider the following problems.
In [Nomura 1991; 1993; 2002] , we studied these problems in the case where l and p are distinct primes, F is a cyclic field of degree l, and is a p-group. Lemmermeyer [1997] conjectured that for any 2-group there exists a quadratic field F such that the answer to the problem P(F, ) is affirmative, but this has been disproved by Boston and Leedham-Green [1999] .
Here we shall study the problems above for cyclic cubic fields and certain 3-groups. As an application of our main result, we study the class number relations of some cubic fields and the class number of the Hilbert 3-class field of certain cubic fields. We also provide an alternative proof for a part of the result in [Naito 1987 ] and a slight generalization. We use GAP Version 4.4 for calculations of 3-groups.
Preliminary from embedding problems
In this section, we quote some results about embedding problems. General studies on embedding problems can be found in [Hoechsmann 1968; Neukirch 1973] .
Let G be the absolute Galois group of a number field k, and L/k a finite Galois extension with Galois group G. For a central extension A continuous homomorphism ψ of G to E is called a solution of (L/k, ε) if it satisfies the condition j • ψ = ϕ. When (L/k, ε) has a solution, we call (L/k, ε) is solvable. A solution ψ is called a proper solution if it is surjective. A field M is also called a solution (resp. proper solution) of (L/k, ε) if M is corresponding to the kernel of any solution (resp. proper solution).
For each prime q of k, we write k q for the q-completion of k, and L q for the completion of L relative to an extension of q to L. The local problem (L q /k q , ε q ) of (L/k, ε) is defined by the diagram G q ϕ| Gq   ε q : 1 −−−→ A −−−→ E q j| Eq −−−→ G q −−−→ 1, where G q is the Galois group of L q /k q , which is isomorphic to the decomposition group of q in L/k, G q is the absolute Galois group of k q , and E q is the inverse of G q by j. In the same manner as the case of (L/k, ε), solution and proper solution are defined for (L q /k q , ε q ).
We need some lemmas, which are essential in the theory of embedding problems. Let p be an odd prime and L/k a p-extension.
We denote by Ram(L/k) the set of all primes of k which are ramified in L/k.
Lemma 2.2 [Hoechsmann 1968 ]. If ε is a nonsplit extension, every solution of (L/k, ε) is a proper solution.
Lemma 2.3 [Neukirch 1973] . Assume that (L/k, ε) is solvable. Let S be a finite set of primes of k and M(q) a solution of (L q /k q , ε q ) for q of S. Then there exists a solution M of (L/k, ε) such that the completion of M by q is equal to M(q) for each q of S.
Embedding problems with ramification conditions
Let p be an odd prime. In this section, let k be either the rational number field or an imaginary quadratic field with the class number prime to p ( p = 3, when k = ‫(ޑ‬ √ −3)). We now state a key lemma of this article. The idea of the proof is similar to [Nomura 1991 ], and we sketch it for the reader's convenience.
Lemma 3.1. Let L/k be a p-extension and ε :
Next we shall prove that for each prime p of k above p the local problem
Hence E p is also cyclic p-group. Since the Galois group of the maximal unramified p-extension of k p is isomorphic to the ring of p-adic integers, the problem (L p /k p , ε p ) has an unramified solution.
By virtue of Lemma 2.2 and 2.3, [Shafarevich 1964, Theorem 1] , there exists an extension T /k such that q is ramified in T /k and that other primes are unramified. Letq be an extension of q to M 1 T and M 2 the inertia field ofq in
By repeating this process, we can get a required solution.
Lemmas on p-extensions
In this section we shall prepare some lemmas and notations.
For each odd prime p, denote by E( p 3 ) the group of order p 3 defined by
The next two lemmas are essential in this article. Lemma 4.2 is a special case of the Chebotarev monodromy theorem; for the proof see [Cohn 1978, Theorem 16.30 ].
Lemma 4.1. Let k be a number field and M/L/k a Galois extension such that
Then L/k is locally cyclic, that is to say, any prime ramified in L/k is also decomposed in L/k. Proof. Assume that there exists a prime q of k such that Gal(L q /k q ) ∼ = ‫/ޚ‬ p‫ޚ‬ × ‫/ޚ‬ p‫.ޚ‬ Let q andq be primes of M and L, respectively, above q. We must consider two cases. First assume that q is totally ramified in L/k. We remark that this case occur only when q is above p. Since M/L is unramified, the order of the inertia group of q in M/k is p 2 . Then the inertia group is normal subgroup of Gal(M/k), so the inertia field is a cyclic extension over k of degree p. Hence it is contained in L. This is a contradiction. Next assume that q is inert and ramified in L/k. Since E( p 3 ) has no cyclic subgroup of order p 2 ,q is decomposed in M/L. Then the order of the decomposition group of q in M/k is p 2 . Thus the decomposition group is normal subgroup of Gal(M/k). Hence the decomposition field is contained in L. This is a contradiction.
Lemma 4.2. Let p be a prime and k a number field such that the class number is prime to p. Let F/k be a cyclic extension of degree p. If L/F/k is a p-extension such that L/F is unramified, then Gal(L/k) is generated by elements of degree p.
Notation. In the rest of this article, we write (i, j) for the group whose library number in GAP is (i, j), where i is equal to the order of its group. With the commutator notation [α, β] = α −1 β −1 αβ and the ordinary generator-relator notation, we have Using GAP, we locate all nonabelian 3-groups satisfying three conditions: (G1) is generated by elements of order 3.
(G2) The 3-rank of is equal to 2.
(G3) The order of is between 3 2 and 3 5 .
We list in Table 1 their maximal subgroups. By condition (G2), there are always four of them.
maximal subgroups of Table 1 . 3-groups satisfying conditions (G1), (G2), and (G3). The notation (i, j) × r , for r > 1, means that there exist r maximal subgroups isomorphic to (i, j).
Let L/F/ ‫ޑ‬ be a Galois extension such that F/ ‫ޑ‬ is a cyclic cubic extension and L/F is an unramified 3-extension. Then by Lemma 4.2, Gal(L/ ‫)ޑ‬ must satisfy condition (G1).
Remark 4.3. Let x, y, z be generators of (3 4 , 9) as in the presentation of the previous page. The maximal subgroups of (3 4 , 9) are x, y , y, z , x z, y , and x 2 z, y , where the first is isomorphic to ‫ޚ9/ޚ‬ × ‫ޚ3/ޚ‬ and the others are isomorphic to (3 3 , 3). If we replace x z (or x 2 z) by z, then x, y, z satisfy the same relations as in the original presentation.
Unramified 3-extensions over cyclic cubic fields
Let F/ ‫ޑ‬ be a cyclic cubic extension. For some finite 3-groups and E, we shall consider the problems P(F, ) and P(F, , E) defined in the Introduction.
First we define some conditions concerning the Galois extension
Assume that L 0 /F/ ‫ޑ‬ satisfies conditions (C1), (C2) and (C3). If only two primes of ‫ޑ‬ are ramified in F/ ‫,ޑ‬ then condition (C4) is always satisfied.
Proposition 5.3. Assume that the Galois extension L 0 /F/ ‫ޑ‬ satisfies the conditions (C1) and (C3). There is equivalence between
There exists a nonsplit central extension
The explicit construction of ε is as follows. Let F be an any cubic subfield of L 0 such that F = F, and put Gal(
Since the exponent of the group (3 3 , 3) is equal to 3, the induced extension ε q is split for any prime q. By applying Lemma 3.1 to the embedding problem
Corollary 5.4. Let q and l be prime numbers such that q ≡ l ≡ 1 mod 3, q (l−1)/3 ≡ 1 mod l, and l (q−1)/3 ≡ 1 mod q. Let F/ ‫ޑ‬ be a cyclic cubic extension. If F/ ‫ޑ‬ is unramified outside {q, l} and q, l are ramified in F/ ‫,ޑ‬ then the answer of the problem P(F, ‫ޚ3/ޚ‬ × ‫,ޚ3/ޚ‬ (3 3 , 3)) is affirmative. This is a direct consequence of Proposition 5.3.
Theorem 5.5. Let L 0 /F/ ‫ޑ‬ be a Galois extension satisfying the conditions (C1), (C2), and (C3).
There is equivalence between (a) Any prime of F which is ramified in F/ ‫ޑ‬ is completely decomposed in L 1 /F;
Proof. (a) ⇒ (b). Let C be the center of (3 4 , 9), then the order of C is 3 and (3 4 , 9)/C is isomorphic to (3 3 , 3) . The group (3 4 , 9) has four maximal subgroups, one is isomorphic to ‫ޚ9/ޚ‬ × ‫ޚ3/ޚ‬ and the others are isomorphic to (3 3 , 3). Hence there exists a central extension F) ) is isomorphic to ‫.ޚ3/ޚ×ޚ9/ޚ‬ The explicit construction of ε is as follows. We recall that
We can assume that Gal(L 1 /F) = a, c . Indeed maximal subgroups of (3 3 We shall consider the embedding problem (L 1 / ‫,ޑ‬ ε). Let q be a prime of ‫ޑ‬ ramified in L 1 / ‫,ޑ‬ and let q be an extension of q to
is the cyclic group of order 3 and is not contained in Gal(L 1 /F). Thus j −1 (Gal(L 1q / ‫ޑ‬ q )) is a subgroup of (3 3 , 3). Hence the group extension
is split because the exponent of (3 3 , 3) is 3. In view of Lemma 3.1, the proof of (a) ⇒ (b) is complete .
(b) ⇒ (a). Let q be a prime of ‫ޑ‬ ramified in F/ ‫,ޑ‬ and let F be the decomposition field of q in L 0 / ‫.ޑ‬ Then F is a cubic field not equal to F. Since Gal(L 2 /F) is isomorphic to ‫ޚ9/ޚ‬ × ‫ޚ3/ޚ‬ and other maximal subgroups of (3 4 , 9) are isomorphic to
Theorem 5.6. Let L 0 /F/ ‫ޑ‬ be a Galois extension satisfying the conditions (C1), (C2), (C3), and (C4).
Proof. Since the proof is similar to that of Theorem 5.5, we merely sketch it. We consider (a) ⇒ (b). Let F / ‫ޑ‬ be the cyclic cubic extension as in condition (C4).
Then there exists a central extension ε :
An application of Lemma 3.1 completes the proof of (a) ⇒ (b). We omit the proof of the converse.
Theorem 5.7. Let L 0 /F/ ‫ޑ‬ be a Galois extension satisfying the conditions (C1), (C2), (C3), and (C4). Assume that P(F, ‫ޚ3/ޚ‬ × ‫,ޚ3/ޚ‬ (3 3 , 3)) has a solution L 1 such that L 1 ⊃ L 0 . If any prime of F which is ramified in F/ ‫ޑ‬ is completely decomposed in L 1 /F, then P (F, (3 3 , 4), (3 4 , 7) ) has a solution L 2 such that L 2 ⊃ L 1 .
Proof. Let F / ‫ޑ‬ be the cyclic cubic extension as in condition (C4). The maximal subgroups of (3 4 , 7) are (3 3 , 3), (3 3 , 4), (3 3 , 4), and ‫ޚ3/ޚ‬ × ‫ޚ3/ޚ‬ × ‫.ޚ3/ޚ‬ Then there exists a central extension
. The explicit construction of ε is as follows. We recall that
Here we can assume that Gal(L 1 /F) = a, c and Gal(L 1 /F ) = ab, c . Let j is the group homomorphism defined by x → a, y → c, z → b, then j −1 (Gal(L 1 /F)) = x, y ∼ = (3 3 , 4) and j −1 (Gal(L 1 /F )) = x z, y ∼ = (3 3 , 4). If q is a prime of ‫ޑ‬ which is ramified in L 1 / ‫,ޑ‬ then Gal(L 1q / ‫ޑ‬ q ) is the cyclic group of order 3. Since j −1 (Gal(L 1q / ‫ޑ‬ q )) is contained in (3 3 , 3) or (3 3 , 5), the exponent of j −1 (Gal(L 1q / ‫ޑ‬ q )) is equal to 3. Then the group extension
is split. By virtue of Lemma 3.1, the proof is complete.
Unramified extensions of degree 81 over cyclic cubic fields
Let F/ ‫ޑ‬ be a cyclic cubic extension. We consider the case of a Galois extension L 3 /F/ ‫ޑ‬ such that L 3 /F is unramified extension of degree 81, and the 3-rank of Gal(L 3 / ‫)ޑ‬ is 2. Under these conditions Gal(L 3 / ‫)ޑ‬ is isomorphic to one of (3 5 , 3), (3 5 , 26), or (3 5 , 28).
In this section we always assume that L 0 /F/ ‫ޑ‬ satisfies conditions (C1), (C2), (C3), and (C4). Let F be the cubic field as in condition (C4).
Theorem 6.1. Assume that the problem P(F, ‫ޚ9/ޚ‬ × ‫,ޚ3/ޚ‬ (3 4 , 9)) has a solution L 2 such that L 2 ⊃ L 0 . The following conditions are equivalent.
(a) Any prime of F which is ramified in F/ ‫ޑ‬ is completely decomposed in L 2 /F.
Lemma 6.2. Let F, F and L 0 be as in condition (C4). Let L 2 be a solution of
ޑ‬ is isomorphic to (3 5 , 28), we have the equivalence
Proof. (1) Since one of the maximal subgroups of (3 5 , 26) is isomorphic to ‫ޚ9/ޚ‬ × ‫ޚ9/ޚ‬ and the others are isomorphic to (3 4 , 9), the forward implication is trivial. We consider the reverse implication. Assume that Gal(L 3 /F) ∼ = (3 4 , 9). Let F be the subfield of L 3 corresponding to the subgroup
(2) We prove only the forward implication; the converse is similar. Assume that Gal(L 3 /F ) is not isomorphic to (3 4 , 10). Let F be the subfield of L 3 corresponding to the subgroup (3 4 , 10), then L 0 /F is not unramified. Let q be a prime of F which is ramified in L 0 /F and q an extension of q to L 2 . Let T be the inertia field of q in L 2 /F and k the intersection of L 1 and
The group (3 5 , 28) has only one normal subgroup of order 9, which is isomor- 2) . Further one of the maximal subgroups of Gal(L 3 /F ) is isomorphic to (3 3 , 2) and the others are isomorphic to (3 3 , 4). Then Gal(L 3 /k) is isomorphic to (3 3 , 4). Hence L 3 /T is a cyclic extension of degree 9, because one maximal subgroup of (3 3 , 4) is isomorphic to ‫ޚ3/ޚ‬ × ‫ޚ3/ޚ‬ and the other three groups are isomorphic to ‫.ޚ9/ޚ‬ Since q is ramified in L 2 /T , q is also ramified in L 3 /L 2 . This contradicts that L 3 /L 2 is unramified, proving the desired implication.
Proof of Theorem 6.1. We first consider (a) ⇒ (b). Let C be the center of (3 5 , 26), then the order of C is equal to 3 and the quotient group (3 5 , 26)/C is isomorphic to (3 4 , 9). The group (3 5 , 26) has four maximal subgroups, one is isomorphic to ‫ޚ9/ޚ‬ × ‫ޚ9/ޚ‬ and the others are isomorphic to (3 4 , 9). Then there exists a central extension
The explicit construction of ε is as follows. Let (3 5 , 26) be as on page 171, and
By Remark 4.3 we can assume that Gal(
Let q be a prime of ‫ޑ‬ which is ramified in L 2 / ‫,ޑ‬ and q an extension of q to
is the cyclic group of order 3 and is not contained in Gal(L 2 /F). Now, we see from Table 1 that a subgroup H of (3 4 , 9)( ∼ = Gal(L 3 /F )) having order 27 and not contained in (3 4 , 2)( ∼ = Gal(L 3 /F)) must be isomorphic to (3 3 , 3) . Thus of (3 3 , 3) . Since the exponent of (3 3 , 3) is 3, the group extension
Next we consider (b) ⇒ (a). Let q be a prime of ‫ޑ‬ which is ramified in F/ ‫,ޑ‬ and q an extension of q to L 2 . Assume that q is not completely decomposed in (3 3 , 3) . Then by Theorem 5.5 and the assumption, q is completely decomposed in L 1 /F and is inert in L 2 /L 1 . Let F be the decomposition field of q in L 0 / ‫.ޑ‬ Let T be the inertia field of q in L 2 / ‫ޑ‬ and k be the intersection of L 1 and T . Then F k T . We refer the field diagram in the proof of Lemma 6.2. (3 3 , 3) . This contradicts Lemma 4.1.
The proof of (a) ⇐ ⇒ (c) is similar to that of (a) ⇐ ⇒ (b), so we only sketch it. Consider (a) ⇒ (c). There exists a central extension 10) . The explicit construction of ε is as follows. Let (3 5 , 28) be as on page 171, and set
In the same manner as for (a) ⇒ (b), we can prove that the embedding problem (
is a required field. We have thus proved (a) ⇒ (c).
Next we consider (c) ⇒ (a). Let q be a prime of ‫ޑ‬ which is ramified in F/ ‫,ޑ‬ and q an extension of q to L 2 . Assume that q is not completely decomposed in L 2 /F. Let L 1 , T, k and F be the same as in the proof of (b) (3 3 , 3) . This contradicts Lemma 4.1.
Theorem 6.3. Assume that the problem P (F, (3 3 , 3) , (3 4 , 9)) has a solution L 2 such that L 2 ⊃ L 0 . The following conditions are equivalent.
This follows trivially from Theorem 6.1 and Lemma 6.2.
The proof is similar to that of Theorem 6.1 (a) ⇒ (b), so we omit it.
Class number relations of cubic fields
In this section, let L/ ‫ޑ‬ be a Galois extension such that Gal(L/ ‫)ޑ‬ is isomorphic to ‫ޚ3/ޚ‬ × ‫ޚ3/ޚ‬ and that only two primes of ‫ޑ‬ are ramified in L/ ‫.ޑ‬ Let F and F be cubic subfields of L such that L/F and L/F are unramified. Naito [1987] studied the class number relation of F and F , and proved parts (1) and (2) of the following proposition for a general odd prime p (not just p = 3). We give an alternative proof and a slight generalization when p = 3. Proposition 7.1. Let L , F, F be as above.
(1) The class number of F is divisible by 9 if and only if the class number of F is divisible by 9. Further in this case, the ideal class group of F and F has a subgroup ‫ޚ3/ޚ‬ × ‫.ޚ3/ޚ‬ : F] = 9. By Lemma 4.2 and the assumption for the number of ramified primes, Gal(L 1 / ‫)ޑ‬ is generated by two elements of order 3. Then Gal(L 1 / ‫)ޑ‬ is isomorphic to (3 3 , 3). Thus L 1 /F is unramified and Gal(L 1 /F ) ∼ = ‫ޚ3/ޚ‬ × ‫,ޚ3/ޚ‬ because all maximal subgroups of (3 3 , 3) are isomorphic to ‫ޚ3/ޚ‬ × ‫.ޚ3/ޚ‬ The proof of the converse is similar.
(2) Assume that the class number of F is divisible by 27. By Lemma 7.2 there exists a Galois extension L 2 /F/ ‫ޑ‬ such that L 2 /F is unramified abelian and that [L 2 : F] = 27. Since Gal(L 2 / ‫)ޑ‬ is generated by two elements of order 3, Gal(L 2 / ‫)ޑ‬ is isomorphic to (3 4 , 7) or (3 4 , 9). We claim that Gal(L 2 / ‫)ޑ‬ is not isomorphic to (3 4 , 7). We assume Gal(L 2 / ‫)ޑ‬ ∼ = (3 4 , 7). Since (3 4 , 7) has two maximal subgroups which are isomorphic to (3 3 , 4), there exists a cubic field F such that Gal(L 2 /F ) ∼ = (3 3 , 4) and that F = F, F . Then only one prime ramifies in F / ‫.ޑ‬ By Iwasawa [Iwasawa 1956 ] the class number of F is prime to 3. Since (3 3 , 4) is not generated by elements of order 3, this contradicts Lemma 4.2. Then L 2 is a solution of P(F, ‫ޚ9/ޚ‬ × ‫,ޚ3/ޚ‬ (3 4 , 9)).
Let C be the center of (3 4 , 9), and L 1 the subfield of L 2 corresponding to C. Since (3 4 , 9)/C is isomorphic to (3 3 , 3), L 1 is a solution of the problem P(F, ‫ޚ3/ޚ‬ × ‫,ޚ3/ޚ‬ (3 3 , 3) ). By Theorem 5.5 any prime of F which is ramified in F/ ‫ޑ‬ is completely decomposed in L 1 /F. Since all maximal subgroups of (3 3 , 3) are isomorphic to ‫ޚ3/ޚ‬ × ‫,ޚ3/ޚ‬ L 1 is also a solution of the problem P(F , ‫,ޚ3/ޚ×ޚ3/ޚ‬ (3 3 , 3)). Then P(F , ‫,ޚ3/ޚ×ޚ9/ޚ‬ (3 4 , 9)) has a solution L 2 by Theorem 5.5. Hence the class number of F is divisible by 27. The proof of the converse is similar.
(3) Assume that the class number of F is divisible by 81. By Lemma 7.2 there exists a Galois extension L 3 /F/ ‫ޑ‬ such that L 3 /F is unramified abelian and that [L 3 : F] = 81. Since Gal(L 3 / ‫)ޑ‬ is generated by two elements of order 3, Gal(L 3 / ‫)ޑ‬ is isomorphic to (3 5 , 26) and Gal(L 3 /F) is isomorphic to ‫ޚ9/ޚ‬ × ‫.ޚ9/ޚ‬ Let
